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>• ' Abstract 

OO : 

In this paper, for any simple, simply connected algebraic group G of type Bn,Cn 
,—1. . or Dn and for any maximal parabolic subgroup P of G, we describe all minimal di- 

I — I I mensional Schubert varieties in G/P admitting semistable points for the action of a 

(^ ' maximal torus T with respect to an ample line bundle on G/P. In this paper, we also 

QP ■ describe, for any semi-simple simply connected algebraic group G and for any Borel 

subgroup B of G, all Coxeter elements r for which the Schubert variety X{t) admits a 
semistable point for the action of the torus T with respect to a non-trivial line bundle 
XI : on G/B. 

Keywords: Semistable points, line bundle, Coxeter element. 



1 Introduction 

Let G be a simply connected semi-simple algebraic group over an algebraic closed field k. 
Let T be a maximal torus of G and let 5 be a Borel subgroup of G containing T. In [4] 
and [5], the parabolic subgroups Q oi G containing B for which there exists an ample line 
bundle £ on G/Q such that the semistable points {G/Q)f^{C) are the same as the stable 
points {G/QYt{C). 



In [7], when Q is a maximal parabolic subgroup of G and C = C^^ where tx7 is a minuscule 
dominant weight, it is shown that there exists unique minimal dimensional Schubert variety 
X(ti;) admitting semistable points with respect to L. 

Now, let G be a simple algebraic group of type B,C ot D and let P be a maximal 
parabolic subgroup of G. Let C be an ample line bundle on G/P. In this paper, we describe 
all minimal dimensional Schubert varieties in G/P admitting semistable points with respect 
to C. For a precise statement, see theorem 3.2. 

Now, let G be a semi-simple simply connected algebraic group over an algebraic closed 
field k. Let T be a maximal torus of G and let i? be a Borel subgroup of G containing T. A 
Schubert variety X{w) in G/B contains a (rank G)-dimensional T-orbit if and only if w > t 
for some Coxeter element r. 

So, it is a natural question to ask if for every Coxeter element r, there is a non-trivial 
hue bundle C on G/B such that X(w)f?(£) ^ 0. 

In this paper, we describe all Coxeter elements r for which there exists a non-trivial line 
bundle C on G/B such that X(M;)f?(£) ^ 0. 

The layout of the paper is as follows: 

Section 2 consists of preliminary notation and a combinatorial lemma. 

Section 3 consists of minimal dimensional Schubert varieties in G/P, ( where G is a 
semi-simple algebraic group of type Bn, Cn or Dn and P is a maximal parabolic subgroup of 
G), admitting semistable points with respect to an ample line bundle on G/P. 

Section 4 consists of description of Coxeter elements for which the corresponding Schubert 
varieties admit semistable points with respect to a non-trivial line bundle on G/B. 

2 Preliminary notation and a combinatorial lemma 

This section consists of preliminary notation and a lemma describing a criterion for a Schu- 
bert variety to admit semistable points. Let G be a semi-simple algebraic group over an 
algebraically closed field k. Let T be a maximal torus of G, P a Borel subgroup of G con- 
taining T and let U be the unipotent radical of P. Let Ng{T) be the normaliser of T in G. 
Let W = Ng{T)/T be Weyl group of G with respect to T and R denote the set of roots with 
respect to T, P"*" positive roots with respect to P. Let Ua denote the one dimentional T-stable 
subgroup of G corresponding to the root a and let S = {ai, ■ ■ ■ ,ai} C P+ denote the set of 
simple roots. For a subset / C S* denote W^ = {w E W\w{a) > 0, a G /} and Wj is the sub- 
group of W generated by the simple reflections Sa,<y E I. Then every w E W can be uniquely 
expressed as w = w^ .wj, with w^ G W^ and wi G Wj. Denote R{w) = {a E P+ : w{a) < 0} 
and Wq is the longest element of W with respect to S. Let X(T) (resp. Y(T)) denote 
the set of characters of T (resp. one parameter subgroups of T). Let Pi := X{T) M, 
P2 = Y{T) ® M. Let (., .) : Pi x P2 — ^ M be the canonical non-degenerate bilinear form. 



Choose Aj's in E2 such that («», \j) = Sij for all i. Let C := {\ E E2\{\,a) > Va G i?"*"} 
and for all a E R, there is a homomorphism SL2 — ^ G, see page-19 of [1]. We have 

a : Gm — ^ G defined by a{t) = (f)a{ I p. ,_i ) ). We also have Sa{x) = X ~ {Xi Oi)'^ for all 

a E R and x ^ -^i- Set Sj = Sq,^ V i = 1, 2, ■ ■ ■ , /. Let {u;j : i = 1, 2, ■ ■ ■ , /} C -Ei be the 
fundamental weights; i.e. (cjj, dj) = 6ij for all i, j = 1, 2, ■ ■ ■ , /. 

For any character x of -B, we denote by C^, the line bundle on G/B given by the character 
X- Let X(w) = BwB/B denote the Schubert variety corresponding to w. We denote by 
X{w)^{C^) the semistable points oi X{w) for the action of T with respect to the line bundle 
£,. 

Lemma 2.1. Let x = Xlaes'^a^a ^^ '^ dominant character ofT which is in the root lattice. 
Let I = Supp{x) = {« G S* : fla 7^ 0} and let w G W^" . Then X {w)^ (C^) j^ $ if and only if 
wx < 0. 

Proof. If X{w)^{C^) 7^ 0, then, by Hilbert-Mumford criterion (Theorem (2.1) of [8]) and 
lemma (2.1) of [10], we see that wx < 0. 

Conversely, let wx < 0. 

Step 1 - We prove that if w, r G W^" are such that X{w) C IJ ,g^y 0X(r), then, w < t. 
Now, suppose that X{w) C |J,^^^0X(r). Then, since X{w) is irreducible and W is finite, 
we must have 

X{w) C 0X(r), for some (p e W. 

Hence, (j)^^X{w) C X{t). Now, let Pi = BWiB and consider the projection 

vr : G/B — > G/Pi 

Then, 'K^^{(j)^^X{w)) C 7r^^(X(r)). Let w™'"^(resp. r™"^) be the maximal representative 
of w (resp. r) in W . 

Hence, 0~^X(w'""'^) C X(r'""'^). So, we may assume that I = S. 

Now, since (f)~^X{w) C X(r), we have (f)~^Wi < r, V -u;! < to. 

Therefore Wi(f) < r^^ V Wi < w~^. Hence, by lemma (5.6) of [6], we have t~{w^^, (t)^^)(t> < 

Hence, w^^ < T~{w~^,(f)~^)(f) < t^^. So w <t. 

Now, let w G W^" be such that wx < 0. Then by step 1, there exist a point x G X{w)\W- 
translates of X(r), r G W^^", r ^ w. — > (1). 

Step 2: We prove that x is semistable. 

Let A be an one parameter subgroup of T. Choose (f) E W such that 0A G C*. Let r G VT''^'' 
be such that (f)x G UrTPj. 



By (1), w < T. Hence, rx < wx < 0. 

Hence, by lemma (2.1) of [10], we have ^^{x, A) = fi^{(f)x, 0A) = {—rx, A) > 0. 

Hence, by Hilbert-Mumford criterion (Theorem (2.1) of [8]), x is semistable. 

D 

3 Minimal dimensional Schubert variety in G/P admit- 
ting semistable points 

In this section, we describe all minimal dimensional Schubert varieties X{w) in G/P (where 
G is a simple algebraic group of type B, C oi D, and P is a maximal parabolic subgroup of 
G) for which X{w) admits a semistable point for the action of a maximal torus of G with 
respect to an ample line bundle on G/P. 

Let Ir = S \ {«r} and let Pj^ = BWj^B be the maximal parabolic corresponding to 
the simple root Ur- In this section we will describe all minimal elememts of W^'' for which 

Xiwfr^^Cr) ^ 0. 

At this point, we recall a standard property of the fundamental weights of type A„, Bn, Cn 
and Dn- 

In types A„,i?„,C„ and Dn, we have \{wr,6i)\ < 2 for any fundamental weight Wr and 
any root a. 

Proof. Now {wr,<y) < {wr,fi), where r] is a highest root for the corresponding root system. 

The highest root for type An is ai + 0:2 + . . . + «„, the highest roots for type i?„ are 
ai + 2(0:2 + • • • + Oin) and Oi + 0:2 + . . . + «„, the highest roots for type C„ are 2(q;i + 0:2 + 
. . . + q;„_i) + an and ai + 2(0:2 + . . . + q;„_i) + an and the unique highest root for type Dn 
is ai + 2(0:2 + . . . + q;„_2) + ^n-i + ««• 

In all these cases, we have {wr^fj) < 2. So \{wr,a)\ < 2, for any root a. D 

Let G be a simple simply-connected algebraic group of type -B„, C„ or Dn- Let T be a 
maximal torus of G and let S be the set of simple roots with respect to a Borel subgroup B 
of G containing T. 

Proposition 3.1. Let Ir = S \ {or} (ind let w G W^'' be of maximal length such that 
w{wr) > 0. Write w{wr) = Yll=i'^i^i ^"^ ^^^ '^ = max{ai : i = 1,2, ■■■,n}. Then 
a G {1, |}. Further, if a = |, then r must be odd and Wr must be in type Dn and a = a^-i 
or a = an- 

Proof- Since 2 < r < n — 2, we have 2zUr G Z>oS- Hence, if a G {1, |}, then a > 2. 
Let io be the least integer such that Oj,, = a. 



Clearly, i^ ^ 1. We first observe that, Si^wiw^^ = w{wr) — {w{wr),di^^)ai^ > 0, since, 
{w{wr),di^^) <2<a = ai^. 

For all the cases except io = n in type -B„, io = "^ ~ 1 in type C„ and io = n — 2,n — l,n 
in type D„, we have {w{zur), dio) = 2a — (fljo-i + cHq+i) > 0. Hence, Sq,- w{wr) < w{zur). So, 
s^i w > w, a contradiction to the maximality of w. 

Now, we treat the special cases explicitly. 

Case 1 : iq = n'm type -B„. 

In this case, {w{wr),dn) = — 2a„_i+2a„ > 0, since a„ = a > a„_i. So, s„-u7(ro,.) < ti;(ror)- 
Hence, s„w > w, a contradiction to the maximality of w. 

Case 2 : Iq = n — 1 m. type C„. 

In this case {w{wr), cun-i) = —cin-2 + 2a„_i — 2a„. 

So, we need to show that 2a„_i > a„_2 + 2a„. If not, then 2a„ > a„_i + 1, since 
Oji-2 ^ fln-i — 1- 

Now, we have s„w(tx7^) = X]j=^n'^j'^j + ('^n-i ^ c^n)tt„ > 0, since a„_i = a > a„. 

On the other hand, since 2a„ > a„_i + 1, we have a„-i — a„ < a„ — 1. So, s„t(7(tJ7,.) < 
w{wr). Hence, s„w > w, a contradiction to the maximality of w. 

Case 3 : io = n in type D. 

Here, we have {w^zur), dn) = 2a„ — a„_2 > 0, since an = a > a„-2- 

So, Snw{zUr) < w{zUr)- Hence, SnW > w, a. contradiction to the maximality of w. 

Case 4 '■ io = n — 1 in type D. 

This case is similar to Case-3. 

Case 5 : io = n — 2 in type D. 

We have {w{TUr), an-2) = -a-n-s + 2a„_2 - a-n-i - a-n- 

In order to prove that {w{'cUr),an-2) > 0, we need to prove a„_i + a„ < a„-2, since 

O-n-S < O'n-2- 

Suppose a„_i + a„ > a„_2 + 1- Then, we have either 2a„_i > an-2 or 2a„ > a„-2- 
Without loss of generality, we may assume that 2a„_i > a„_2- Hence we have 

Sn-lW{Wr) = Y.i^n~l^i^i + ('^"-2 - an-l)«n-l < w(tZ7^), siuCC a„_2 " a„_i < a^-l- 

On the other hand, Sn~iw{w,) > 0, since a„_2 = a > a„_i. So, Sn-i'it' > tu, a contradic- 
tion to the maximality of w. 

Thus, we conclude that a G {1, |}. 

Now, if a = |, then clearly r is odd and G is not of type -B„. We now prove that G can 
not be of type C„. 



Suppose on the contrary, let t be the least positive integer such that XliLt '^« + |'^« — 

Since {w{zur), dn) = 3 — a„_i < 2, we have a„_i = 1. 

If t < n — 2, then < Stw{zUr) = Xli^^i ^i^i < u]{zu). So, SfW > w, a contradiction to the 
maximality of w. Hence, a„_2 = 0. 

We now claim that aj = OVi<n — 3. For otherwise, let m < n — 3 be the largest integer 
such that ttm = 1- 

Now, {w{wr), Qm+i + ttm+2 + • • • cin-i) = "3, a coutradictiou to the fact that \{w{zur), P)\ < 
2 for all root f3. 

Thus, aj = OVi<n — 2. Hence, w{zu) = a„_i + |a„. But {w{zur), «n-i + «„) = 3, a 
contradiction to the fact that \{w{wr), $)\ < 2 for all root (3. 

Thus, G can not be of type C„. 

If G is of type Dn, then Oj < | V i = 1, 2, ■ ■ ■ , n. We now claim that, a„_i + a„ < 2. 
Suppose on the contrary, let a„_i = a„ = |. 

We claim that am = OVm<n — 3. Otherwise, let t be the least positive integer such 
that X]r=i '^i + |tt„-i + fan < w(ror)- Then, at-i = and t < n — 3. 

Hence, {w{zUr), at + at+i + . . . «n-i + «„) = 3, a contradiction to the fact that | {w^zUr), $) \ < 
2 for all root f3. 

Thus, am = OVm<n — 3. Hence, w{zu) = a;„-2 + |(ttn-i + ««)• 

So, {w{zur),an~2 + ««-! + ^n) = 3, a coutradictiou to the fact that \{w{vJr), $)\ < 2 for 
all root p. 

Thus, in type Dn not both a„_i and a„ can be |. 

D 

Notation: Jp^g = {{ii, ig, ■ " ■ , v) • ^fc e {1, 2, ■ ■ ■ , g} V A; and 4+i - 4 > 2} 

Now, we will describe the set of all elements w G W^"" of minimal length such that 
wzUr < for types 5„, C„ and D„. 

Theorem 3.2. Lei W^mj„ = Minimal elements of the set of all t G W^'' such that X (r)^ (C^^) ^ 
0. 

(1) Type Bn,: (i) Let r = 1. Then w = SnSn-i • • • Si- 

(a) Let r be an even integer in {2, 3, ■ ■ ■ , n}. For any i = {ii, i2,- ■ ■ jir) G Jr^n-i , there 

r 

exists unique Wj G W^^^ such that Wiiwr) = — (X]fe=i '^«fe)- Further, W^^n. = {"^i • i ^ 

(^mj Lei r &e an odd integer in {2, 3, ■ ■ ■ , n}. For any i = {ii, i2,- ■ ■ , iijzl) G J r-i ^_2 , 
i/iere exists unique Wi_ G VF^'jn such that Wiivj^) = — (Xlfe=i '^ik + '^n)- Further, Wn^^^^ = {■? 



Wi : 
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(iv) Let r = n. If n is even, then, w = wn ■ ■ -Wi, where, Wi = S2j-i ■ ■ ■ Sn, "^ = 1, 2, ■ ■ ■ | 
and if n is odd, then, w = wpj+i ■ ■ ■ Wi, where, Wi = S2j-i ■ ■ ■ Sn, "^ = 1, 2, ■ ■ ■ [|] + 1. 

(2) Type Cn-' (i) Let r = 1. Then w = s„s„--i . . . Si. 

(a) Let r be an even integer in {2, 3, ■ ■ ■ ,n — 1}. For any i = {ii, ^2, ■ ' ' 5"^-) ^ J^,n-i , 
there exists unique Wi G W^mm ■^'^^^ ^^^'^ Wii'^r) = ^(X]fc=i <^«fe)- Further, W^^^ = {wj : i G 

(Hi) Let r be an odd integer in {2, 3, ■ ■ ■ , n — 1}. For any i = {ii, i2,- ■ ■ , ir^) G J r-i „_2, 

r-l 

i/iere exzsfe unique w^ G VF^'j„ snc/i i/iai wi{tUr) = —{J2k=i^ik + I'-'^n)- Further, W^^^ = 
{wi-.ie Ji_i,„_2}- 

(3) Type Dn: (i) Let r = 1. Then w = SnSn-i • • • Si- 

(ii) Let r be an even integer in {2, 3, ■ ■ ■ ,n — 2}. For any i = {ii,i2, ■ ■ ■ ,i^) G Ji,n \ Z , 

there exists unique Wj^E W^^^ such that Wi{wr) = — (X]fc=i '^«fe)> where Z = {{ii,i2, ■ ■ ■ ,iii_2,n- 
2, n) : 4 G {1, 2, ■ ■ ■ , n - 4} and i^+i -ik>2W k}. Further, W^^^ = {w,y.ie Jr,„ \ Z}. 

(Hi) Let r be an odd integer in {2,3, ■■■,n — 2}. For any i = (ii,i2, ■ ' ' 5"^!:^) ^ 

r-l 

Jr-1 ^ 3. there exists unique w^ G W^^^ such that Wi{w.f.) = —{J2k=i'^ik + 2^n-i + |ttn)- 
Also, for any i = {ii,i2, ■ ■ ■ ,11:^) G Jr-i ^ o, ^/iere exists unique Wi^i G Vr^jn snc/i i/iai 

r-l 

Wj^i(ror) = —(yJ2k=i'^ik + i<^n-i + fttn) fl'T-t? i(/iere exzsts unique Wi^2 ^ W^rrTm ■^'"c/i i/iai 

r-l 

Wi,2(wr) = -(Efeii"ife + |"n-i + !"«)■ Further, W^^^ = {w,^ : i e Jr^^^.g} Ul^^^iJ : i ^ 
^r_i,„_2 ^'^^J = 1,2}. 

(^wj Let r = n — 1 or n. Then, w = Y[i=i uji, where, 

( TiSn if i is odd. 

Wi= < 

y TiSn-i if « is even. 

with, Ti = S2i-l . . . Sn-2, i = 1,2, ■■•[^]. 

Proof. Proof of 1: 

(i) zui = ai + a2 + . . . + an. 

Take w = s„s„--i . . . si. Then w{tui) = —an < 0. 

(ii) Let r be an even integer in {2, 3, ■ ■ ■ , n — 2}. 

We have, zur = YllZi ^<^j + ^(<^r + . . . + ««), 4 < r < (n — 1). 

Now, Jr,„_i = {{ii, ^2, ■ ■ ■ ? '^-) • ^A: ^ {1? 2, ■ ■ ■ , n — 1} and 4+i — ifc > 2 V fc}. Consider 
the partial order on Jr,„_i, given by {ii,i2,- ■ ■ ,i^) < (ji, J2, ■ " " , J§) if ^fc < jfc V A; and 
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(ii, ^25 ■ ■ ■ 5 '^-) < (ji) J2, ■ ■ ■ 5 J^) if ^fe < jk for some A;. We will prove the theorem by induction 
on this order. 

For (ji, J2, ■ ■ ■ ,j^) = (n — r + l,n — r + 3, ■ ■ ■ ,n — 1), we have 

{Sn-r+l ■ ■ ■ Sl)(Sn-r+3 ■ ■ ■ S2) ■ ■ ■ (Sn-1 • • • Sr)(s„S„_i . . . Sr+i)(s„S„_i . . . 5^+2) 

r 

• • • {■SriSfi-l ■ ■ ■ Sr){tUr) = —{z^t=l <^n-r+2t-l)- 

Now, if (^1,^2, ■ ■ ■ ji^) G JL^n-i is not maximal, then, there exists t maximal such that 
it<n — r + 2t — 1. 

Now, {ii,i2,---,it-iA+h,it+ir--,i^) e ■J^,n-i and {ii,i2,- ■ ■ ,h-iA + hJt+i,- ■ ■ ,^) > 
{ii,i2,- ' ' ,^)- So, by induction, there exists wi G W^'' such that Wizur = —(J2k^t^ik + 

r 

tti+ij. Taking w = si+i^Si^Wi we have wgj^ = -(Z]fe=i '^iJ- 

Hence, for any (ii, i2,- ■ ■ ^in) G Jl^u-i, there exists w G W^''^'" of minimal length such that 

r 

W^r = -(EI=l"iJ- 

Now, we will prove that the w's in W^'^ having this property are minimal. 

r 

Let w G W^'' such that wzur = —(yJ2k=i ^ik)- 

Suppose w is not minimal. Then there exist j3 G R'^ such that Si3w{wr) < and 
l{s/3w) = /(w) — 1. Since Sfsw{wr) < 0, and i^+i—ik > 2 W k, P = ai^k for some /c = 1, 2, ■ ■ ■ |. 

Since l{spw) = l{w) — 1, P = ai^ for some t. Hence, spw(wr) = ^(X]fc=^t '^«fc+)'^«t ^ 0, a 
contradiction. Thus, all the w's are minimal. 

r 

Now, it remains to prove that for all elements of the type — (X]fc=i'^»fc) i^ the weight 
lattice such that (ctj^, ttj^.^^) ^ 0, for some k, there does not exist w G W^'', of minimal 

length such that wzUr = —(J2k=i'^ik)- 

r 

Let /i = — (X]fc=i'^«fe) be such that (aj^., ajj.^j) ^ for some A;. Choose k minimal such 
that {ai^,ai^^-^) ^ 0. 

r 

If ifc = n - 1, then 4+i = 1 and s„u'(ro„) = -(Ei,^n%) > "(ELi^iJ- Hence, 
SnW < w, a contradiction to the minimality of w. 

r 

Otherwise, Sii,w{wr) = —iJ2j=ik'^ij) > ~(J2k=i^ik)- Hence, Sj^w < w, a contradiction 
to the minimality of w. 

(iii) Let r be an odd integer in {2, 3, ■ ■ ■ , n — 1}. 
The proof is similar the case when r is even, 
(iv) We have, tz7„ = i Yl'i=i ^'^i- 
Then, 2ro„ = Xir=i^'^i- 
Case 1 : n is even. 



Take Wi = S2i-i • • • s„, i = 1, 2, 



n 



Let w = wn ■ ■ ■ Wi. Then w{2zun) = — X]i=i <^2j-i < 0. 
^min = {^i '■ i ^ J-,n-i} foUows from lemma (2.1). 
Case 2 : n is odd. 
Take Wi = S2i-i • • • s„, i = 1, 2, ■ ■ ■ , ^. 

Let w = Wn+i ■ ■ -wi. Then w{2wn) = — X]i=i <^2i-i < 0. 

Proof of 2 : 

(i) We have, Wi = ai + a2 + ■ ■ ■ + \an- 

Then, 2a7i = 2(q;i + 0:2 + • • • + ttn-i) + «n- 

Take w = s„s„-i . . . si. Then tf;(2G7i) = — a„ < 0. 

Proof of (ii) and (iii) are similar to Cases (ii) and (iii) of type B. 

Proof of 3 : 

(i) We have, wi = YaZi (^i + i("n-i + ««)• 

Then, 2wi = 2{YJ'r'^ a.i) + a„_i + a„. 

Take w = s„s„_i . . . Si. Then w{2wi) = — (q;„„i + «„) < 0. 

Proof of (ii) and (iii) are very similar to Cases (ii) and (iii) of type B. 

(iv) We have, tUn-i = |(ai + 2a2 + . . . + (n - 2)a„_2) + ^(nQ;„_i + (n - 2)q;^ 

Then, 4g7„_i = 2(a;i + 2q;2 + . . . + (n - 2)a„_2) + nan-i + (n - 2)q;„ 

Take 

rjS„_i if i is odd. 

TjS„ II ^ IS even. 



where, r^ = S2j_i . . . s„_2, ^ = 1, 2, ■ ■ ■ [ 



n— 1 1 
2 -I 




II — 2an if n = (mod 4), 

/i — 2a„_i if n = 2 (mod 4), 

fi — 2q;„_2 — 3a„_i — «„ if n = 1 (mod 4), 

fi — 2q;„_2 — ctn-i — 3a„ if n = 3 (mod 4), 



where, fi = -2(J2iJ^ a2i-i)- 

We have, G7„ = |(q;i + 2a;2 + . . . + (n - 2)q;„_2) + |((n - 2)a„_i + na^ 

Then, 4-a7„ = 2(ai + 2a2 + . . . + (n — 2)a„_2) + (n — 2)a;„_i + nQ;„. 



Take 

TiSn if i is odd. 

TiS n-i II t IS even, 
where, r^ = Ssi-i . . . s„-2, i = 1, 2, ■ • ■ [^]. 



Let w = YliJi "^i- Then, 

w{4Wn) = 



H — 2q;„_i if n = (mod 4), 

fi — 2an if n = 2 (mod 4), 

/i — 2q;„_2 — Qn-i — Sftn if n = 1 (mod 4), 

/i — 2an-2 — 3q;„_i — an if n = 3 (mod 4), 



where, n = -2{Y,iJi "2i-i)- 
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4 Coxeter elements admitting semistable points 

In this section, we describe all Coxeter elements w & W for which the corresponding Schubert 
variety X{w) admit a semistable point for the action of a maximal torus with respect to a 
non-trivial line bundle on G/B. 

Now, let us assume that the root system is irreducible, see page 52 of [2]. 

Coxeter elements of Weyl group: 

An elememt w & W is said to be a Coxeter element if it is of the form w = Sj^Sjj • • • >Sj„, 
with Si^ 7^ Sj^ unless j = k, see page 74 of [3]. 

Let X = X]ae5 ^'^'^ ^^ ^ non-zero dominant weight and let w be a Coxeter element of W. 
Lemma 4.1. If wx < and a & S is such that l{wsa) = l{w) — 1, then, 

(1) \{^eS\{a}:{^,a)^0}\ = lor2. 

(2) Further if \{P E S \ {a} : (/3, d) 7^ 0}| = 2, then R must be of type A^ and x is of 
the form a{2a + /5 + 7) for some a G Z>o, where a, {3 and 7 are labelled as o^ — o^ — o^ . 

Proof. Since S is irreducible and x is non zero dominant weight, ap is a positive rational 
number for each [3^3. Further since wx < 0, x must be in the root lattice and so a/3 is a 
positive integer for every P in S. 

Since w is a Coxeter element and l{wSa) = /(w) — 1, the coefficient of a in wx = coefficient 
of a in SaX- — ^ (1) 
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We have SaX = X~ {Xi^)'^ 

= E/3e5 "/3/^ - E/3e5 «/3(/^' ")"• 
The coefficient of a in s^x is ^(E/3e5\{Q}(/^; tt)o/3 + a^). — > (2) 

Since wx ^ 0? from (1) and (2) we have 

-(E,3e5\w(/^' ")«/3 + ««) < 0- 
Hence, -(E/3e5\w(A ")«/3) < «« 

Thus, we have -2(E/3G5\{a}(/^' '^)«/3) < 20^. — > (3) 

Since x is dominant, we have, 

(x,/3)>0, V/3G5 

^(E,e5«77,/3)>0 

^E^g5«7(7,/3) >0 
Now if {f3,a) 7^ 0, the left hand side of the inequahty is 2a^ — Cq, -(a non-negative integer). 
Thus, we have, 2a/3 > a^ if (/?, d) 7^ — > (4). 

Now if |{/3 G 5 \ {a} : (/?,d) ^ 0}| > 3, from (3) and (4) we have, 

3a„ < -(2E/3e5\{a}(/^'")«/3) < 2a„. 

This is a contradiction to the fact that a^ is a positive integer. 

So \{PeS\{a}: {P,a)^0}\ < 2. 

Proof of (2): 

Suppose |{/3 G S* \ {a} : {P,a) 7^ 0}| =2. Let /5,7 be the two distinct elements of this 
set. 

Using (3) and the facts {P,a) < —1, (7,0;) < —1, we have 

2(a/3 + a-y) < — 2((/9, 6)0/3 + (7, Q;)a-y) < 2aa — ^ (5) 

Since (x, /9) > and (x, 7) > we have 

2a/3 > - J25^f3,ai^y P)(^s + Oa and 2a^ > - E5^7,q('^> 7)«5 + ««• 

Hence, - E5^/3,a('^'/^)a5 " E5^7,a(^>7)«<5 + 2a„ < 2(0^3 + a^). 
Using (5), we get 

- E5^/3,a('^> /^)a5 - T.S^y,a{^^ l')^'? + 2aa < 2a„. 

^ E5^-y,Aa(-'^'/^)«<5 + E5^7,/3,a(-'^'7)«5 < 0, siuce (/5, 7) = (7, /3) = 
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Since each as is positive and {—S,(3), (—5,7) are non-negative integers, we have 

{-6,$) = and (-5,7) = 0, V 5 ^ a,/5,7. 

Since R is irreducible, we have S = {a,P,'y}. So, from the classification theorem ( see 
page 57 and 58 of [2]) of irreducible root systems, we have {P, a) G {—1, —2}. 

If (/5,d) = -2, then (7,6) = -1. 

Hence, from (3) we get Aa/s + 2a^ < 2aa — ^ (6) 

Again, from (4) we have 2a/3 > a^ and 2a^ > Oq,. So using (6), we get Sa^ < '^ap + 2aa < 
2aa, a contradiction to the fact that a^ is a positive integer. Thus {P,a) = —1. 

Using a similar argument, we see that (7, a) = —1. 

Now, let us assume that {a,P) = —2. 

Then, 

0<{xJ) = a^{-fj)-2a^ + 2ap 

= —2aa + 2a^, since (7,/?) = 
=^ 2aa < 2a p. 

From (3), we have 2a p + 2a^ < 2aa < 20^3. 

Hence, 2a^ < 0, a contradiction. So {a, (3) = —1. Similarly (a, 7) = —1. 

Hence R is of the type A3. 
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We now show that x = a(/3 + 2q; + 7), for some a G Z>o. 

Let X = '^a-Oi + apl3 + 0^7. By assumption, we have s^SpSaix) — 0- 

So (a/3 + a^ — aa)a + (0^3 — 0^)7 + (a^ — aa)(3 < 0. 

Hence, we have a^ + a^ < a a — ^ (7) 

Since x is dominant, we have (x, /3) > and {Xil) ^ 0- 

So we have, Oq, < 2a/3 and a^ < 2a^ — > (8). 

Using (7) and (8), 2aa > 2(0^3 + a^) > 2aa. This is possible only if 2a/3 = a^ = 2a^. 

Then, x must be of the form a{f3 + 2a + 7), for some a G Z>o. D 

Now for given an irreducible root system R, we describe all the Coxeter elements w & W 
for which there is a non-zero dominant weight x such that wx < 0. For the Dynkin diagrams 
and labelling of simple roots, we refer to page 58 of [2]. 

Theorem 4.2. (A) Type A^: (1) A^: For any Coxeter element w, X(w)^^(£^ 7^ for some 
non-zero dominant weight. 
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(2) An,n > 4; If X{w)'^{C^ 7^ for some non-zero dominant weight and w is a Coxeter 
element, then w must be either s„s„_i . . . Si or Si . . . SiSj+i . . . s„ for some 1 < i < n — 1. 

(B) Type Bn: (1) B2: For any Coxeter element w, X{w)^{C^ 7^ for some non-zero 
dominant weight. 

(2) Bn, n> 3: If X{w)^{C^ 7^ for some non-zero dominant weight and w is a Coxeter 
element, then w = s„Sn-i • • • si- 

(C) Type Cn: If X{w)^{C^ 7^ for some non-zero dominant weight and w is a Coxeter 
element, then w = s„Sn-i • • • si- 

(D) Type Dn: (1) D^: X{w)'^{C^ 7^ for some non-zero dominant weight and w is a 
Coxeter element if and only if [{1082) = l{w) + 1. 

(2) Dn, n> 5: If X{w)'^{C^ 7^ for some non-zero dominant weight and w is a Coxeter 
element, then w = SnSn-i • • • si- 

(E) Eq, Er, E^: There is no Coxeter element w for which there exist a non-zero dominant 
weight x such that X{w)'^{C^ 7^ 0. 

(F) ^4.- There is no Coxeter element w for which there exist a non-zero dominant weight 
X such Ihat X(w)f?(£;^ ^ 0. 

(C) G2 : There is no Coxeter element w for which there exist a non-zero dominant weight 
X such that X{w)^(C^ 7^ 0. 

Proof. By lemma (2.1), X{w)^{C^ 7^ for a non-zero dominant weight x if ^-i^d only if 
wx < 0. So, using this lemma we investigate all the cases. 

Proof of (A): 

(1) The Coxeter elements of A3 are precisely S1S2S3, S1S3S2, S2S1S3, S3S2S1. For w = S1S3S2, 
take X = «i + 2a2 + as- Otherwise take x = c^i + 0:2 + 0:3. Then wx < 0. 

(2) Let n > 4, and let wx < for some dominant weight x- By lemma (4.1), if l{wSi) = 
l{w) — 1, then i = 1 OT i = n. 

If l{wSn) 7^ l{w) — 1, then using the fact that Sj commute with Sj for j 7^ i — 1, i + 1, it 
is easy to see that w = s„s„_i . . . S2S1. 

If l{wsn) = l^w) — 1, then, let i be the least integer in {1,2,- ■ ■ ,n — 1} such that 
w = 0Sj+i ■ ■ ■ Sn, for some (p E W with l{w) = l{(f)) + (n — i). Then, we have to show that 

= SiSi-i ...Si. 

If = (piSj for some j G {2, 3, ■ ■ ■ , i — 1}, then w is of the form 

W = 4>lSj{Si+i...Sn-lSn) 
= 4>l{Si+l ■ ■ ■ Sn-lSnSj). 

This contradicts lemma (4.1). So j G {l,"^}- Again j = i is not possible unless i = 1 by the 
minimality of i. 
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Thus, we have = s, . . . Si. 
Proof of (B): 

(1) For w = S1S2, take x = c^i + 2q;2- 
For w = S2S1, take x = ^i + «2- 

(2) For w = SnSn-i • • • Si, take x = ^i + ^2 + • • • ««• Then wx = — ^n < 0. 

Conversely, let w be a Coxeter element and let x be a non-zero dominant weight such 
that wx < 0. By lemma (4.1), if l{wSi) = l{w) — 1 then either i = 1 or i = n. 

If l{wSn) 7^ l{w) — 1, then using the fact that Sj commute with Sj for j ^ i — l,i + 1, it 
is easy to see that w = s„s„_i . . . S2Si- 

We now claim that l{wsn) = /(u') + l. If not, then, the coefficient of a„ in wx = coefficient 
of an in SnX- 

Now, the coefficient of «„ in s„x is 2a„_i — a„. Since wx < 0, we have 2an-i — an <0. 

=> 2a„_i < a„. — > (1) 

Since x is dominant, we have (x, Qn-i) > 0. Thus, we get 

— a„_2 + 2a„_i — fln ^ 0. 

=> an-2 < 2a„-i - a„ < 0, by (1). 

So a„_2 = 0, a contradiction to the assumption that n > 3 and x is a non-zero dominant 
weight. Thus l{wsn) = l{w) + 1. 

So the only possibility for w is SnSn-i . . . Si. 

Proof of (C) : 

For w = SnSn-i • • • Si, take x = '^C^i^in ^i) + '^n- Then, x is dominant and wx = — ««• 

Conversely, let w be a Coxeter element and let x be a non-zero dominant weight such 
that wx < 0. By lemma (4.1), if l{wSi) = l{w) — 1 then i G {1,"^}. 

If l{wSn) 7^ l{w) — 1, then using the fact Sj commute with Sj for j j^ i — l,i + 1, it is easy 
to see that w = s„s„_i . . . S2S1. 

Claim: l{wSn) = l{w) + 1. 

If not, then, the coefficient of a„ in wx = coefficient of «„ in s„X- 

Now, the coefficient of «„ in s„x is Ort-i — a„. Since wx < 0, we have a„_i — a„ < 0. 

Hence, we have a„_i < a„. — > (2) 

Since x is dominant, we have (x, ftn-i) > 0. Thus, we get 

— a„_2 -|- 2a„_i — 2a„ > 0. 

=> an-2 < 2an-i - 2a„ < 0, by (2). 
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So a„„2 = 0, a contradiction to the assumption that x is a non-zero dominant weight. 

Thus l{wsn) = Kw) + 1. 

So the only possibihty for w is SnSn-i ■ ■ ■ si. 

Proof of (D) : 

(1) For w = S4S3S2S1, take x = 2(ai + 0:2) + 0:3 + 0:4, for w = S4S1S2S3, take x = 
2(0:3 + 0:2) +0:1 + 04 and for w = S3S1S2S4, take x = 2(0:4 + 02) + oi + 03. 

The converse folfows from lemma (4.1). 

(2) For w = SnSn-i ■ ■ -Si, take x = '^{J27=i '^i) + '^n-i + ««• Then wx < 0. 

Conversely, let w be a Coxeter element and let x be a non-zero dominant weight such 
that wx < 0. By lemma (4.1), if l{wsi) = l{w) — 1 then i E {l,n — 1, n}. 

Now, if l{wsi) = l{w) — 1, then, it is easy to see that w = s„s„_i . . . S2S1. 

So, it is sufficient to prove that /(ws„) = l{w) + 1 and l{wSn-i) = l{w) + 1. 

lil{wsn) = l{w) — l, then, the coefficient of o„ in wx = coefficient of o„ in s„x = an-2— a„. 

Since wx < 0, we have a„_2 — «« < 0. — > (4) 

Since x is dominant we have (x, On-2) ^ 0. Therefore, we have 

2an-2 ^ 0,n-l + Cfn-3 + 0„. > (5) 

Also, since (x, On-i) > and (x, On-3) > 0, we have 

2a„__i - a„_2 > — > (6) 

and 2a„_3 - a„_4 - a„_.2 > 0. — > (7) 

From (5), we get 

4a„_2 > 2a„_i + 2a„_3 + 2a„ 

> a„_2 + (a„_4 + a„_2) + 2a„, from (6) and (7) 

> 2a„_2 + 2a„_2 + an-4, by (4) 
= 4a„_2 + a„_4. 

So a„_4 = 0, a contradiction to the assumption that x is a non-zero dominant weight. 

So l{wSn) = l{w) + 1. 

Using a similar argument, we can show that /(ws„_i) = l{w) + 1. 

Proof of (E): 

Type Eg : 

Let w be a Coxeter element and let x be a non-zero dominant weight x such that wx < 0. 
Further, if l{wsi) = l{w) — 1, then by lemma (4.1), i G {1, 2, 8}. 

Case 1 : i = 8 
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Co-efficient of ag in "^X = Co-efficient of ag in Sg(x) = ay — ag < 0. 

Since x is dominant, {x, dj) > V i G {1, 2, 3, 4, 5, 6, 7, 8}. 

(X) '^7) > ^ 2a7 > ag + ag > ae + ay. 

Hence, we have aj > a^. 

{Xi tte) > ^ 2a6 > 05 + «7 > ^5 + Oe 

^ ae > 05- 
(X; "5) > ^ 2a5 > 04 + ae > 04 + 05- 

^ 05 > 04 

(X; tts) > ^ 2a3 > fli + 04. 

(X) «2) > ^ 2a2 > 04. 

Now, (x, tt4) > ^ 2a4 > 02 + 03 + 05 

^ 4a4 > 2a2 + 2a3 + 205. 

> 04 + ai + 04 + 2a4, since a^ > a4^. 

So, ai = 0. Thus in this case, there is no Coxeter element w for which there is a non-zero 
dominant weight such that wx < 0. 

Case 2 : i = 1 

Co-efficient of ai in wx = Co-efficient of ai in six = 03 — ai < 0. 

Since x is dominant, we have {x, ^-3) > 0. Therefore, 203 > ai + a^ > a^ + a^ 

Hence, we have 03 > 04 . 

Since, (x, ^4) > 0, we have 204 > 03 + 02 + 05. 

Since, (x, ^2) > and (x, ds) > we have 2a2 > 04 and 205 > 04 -|- ag. 

Then, 4a4 > 2a3 -|- 2a2 + 205 > 2a4 -1-04-1-04-1-06, from the above inequahties. 

So, og = 0. Hence we have x = 0. Thus, in this case also, there no Coxeter element w 
for which there exist a non-zero dominant weight x such that wx < 0. 

Case 3 : i = 2 

Co-efficient of 0:2 in wx = Co-efficient of 0:2 in ■S2X = 04 — 02 < 0. 

Since x is dominant, (x, dj) > V i G {1, 2, 3, 4, 5, 6}. 

(X, "5) > ^ 205 > 04 -h ttQ. 

{X, ds) > ^ 203 > ai + 04. 

(X; d4) > ^ 204 > 03 + ^2 + 05- 

Hence, we have 4a4 > 203 -|- 2a2 -l- 205. 
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> (ai + a^) + 2a4 + [a^ + ag) = ai + Og + 4a4. 

^ ai + oe = 0. So, ai = ag = 0. 

Hence, we have x = 0. Thus, in this case also, there no Coxeter element w for which 
there exist a non-zero dominant weight x such that wx < 0. 

Type Ee, E7 : 

Proof is similar to the case of Eg. 

Proof of F : 

Let w be a Coxeter element. Let x be a non-zero dominant weight such that wx < 0. If 
l{wsi) = l{w) — 1, then i G {1,4}, by lemma (4.1). 

Case 1 : i = 1 

Co-efficient of ai in wx = Co-efficient of ai in six = 02 — ai < 0. 

Since x is dominant, we have (x, dis) > and (x, d2) > 0. 

{Xy (^2) > ^ 2a2 > oi + as > 02 + 03, since 02 < ai. 

Hence, we have 02 > 03. 

(X) Q'3) > ^ 2a3 > 2a2 + 04 > 2a3 -|- 04. 

So, we have 04 = 0. Hence, x = 0. Thus, in this case there no Coxeter element w for 
which there exist a non-zero dominant weight x such that wx < 0. 

Case 2 : i = 4 

Co-efficient of a^ in wx = Co-efficient of a^ in S4X = 03 — 04 < 0. 

Since x is dominant, we have (x, ds) > and (x, ^2) > 0. 

(X; ois) > ^ 2a3 > 2a2 + ^4 > 2a2 + 03, since a^ < a^. 

Hence, we have 03 > 2a2. 

(Xj d2) > ^ 2a2 > oi + 03 > oi + 2a2. 

So, we have ai = 0. Hence, x = 0. Thus, in this case also, there no Coxeter element w 
for which there exist a non-zero dominant weight x such that wx < 0. 

Proof of G : 

Let w be a Coxeter element and x = aiOi +020:2, be a dominant weight such that wx < 

Case 1 : /(tt;sj) = /(tt;) — 1. 

Co-efficient of ai in wx = Co-efficient of ai in six = a2 — ai < 0. 

Since x is dominant, we have (X; c?2) > 0. 

=^ 2a2 > 3ai > 3a2. 
So, we have 02 = 0. Hence, x = 0. Thus, in this case, there no Coxeter element w for 
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which there exist a non-zero dominant weight x such that vox ^ 0- 

Case 2 : l{ws2) = /(w) — 1. 

Co-efficient of 0:2 in wx = Co-efficient of 0:2 in S2X = 3ai — 02 < 0. 

Since x is dominant, we have {x,oii) > 0. 

=^ 2ai > a2 > 3ai. 

So, we have ai = 0. Hence, x = 0- Thus, in this case also, there no Coxeter element w 
for which there exist a non-zero dominant weight x such that wx < 0. 
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